
IEEE COMMUNICATIONS LETTERS, VOL. 19, NO. 4, APRIL 2015 529

Equivalent Nonlinearities for Studying Nonlinear
Effects on Sampled OFDM Signals
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Abstract—In this work we consider nonlinear effects on sampled
orthogonal frequency division multiplexing (OFDM) signals and
we present a method for obtaining a polynomial function with
small degree that can be used to substitute severe nonlinear
characteristics (possibly non-differentiable, as clipping functions),
since it leads to signals with essentially the same spectral charac-
teristics. This equivalent nonlinearity is then employed for perfor-
mance evaluation of clipped OFDM signals, leading to accurate
results with both conventional and optimum receivers.

Index Terms—Gaussian signals, intermodulation analysis, non-
linear effects, OFDM.

I. INTRODUCTION

I T is well known that OFDM signals [1] have high peak-to-
average power ratio (PAPR), which leads to implementation

difficulties, namely at the amplification level. Over the last two
decades, several techniques were proposed to reduce the PAPR
of OFDM signals (see [2] and references within). Among them,
the simplest and more flexible involve clipping operations [3]–
[5]. However, the clipping is a nonlinear operation that leads
to both in-band distortion and out-of-band radiation, which
must be taken into account when evaluating the performance
of OFDM schemes.

The Gaussian-like nature of OFDM signals with large num-
ber of subcarriers can be used for the statistical characterization
of nonlinearly distorted OFDM signals [5], [6]. The basic ap-
proach is to decompose the signal at the output of the nonlinear
device as the sum of two uncorrelated terms: a useful one, pro-
portional to the original OFDM signal, and a distortion term [7],
whose spectral characterization can be done based on classical
intermodulation product analysis (IMP) analysis [5], [6].

This approach is relatively straightforward and can be em-
ployed for most memoryless nonlinearities. However, the num-
ber of required IMPs is related to the degree of the polynomial
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approximation of the nonlinear characteristic, which means that
for strong nonlinear effects and/or non-smooth nonlinear char-
acteristics (such as the ones inherent to clipping) the required
number of IMP to accurately characterize the distortion term
can be very high.

In this work we consider nonlinear effects on sampled
OFDM signals. We propose a simple method to obtain a poly-
nomial function with low degree whose output has the same
spectral characteristics as the nonlinearly distorted signal, for
a given nonlinearity and oversampling factor. This equivalent
polynomial nonlinearity is then employed to evaluate the im-
pact of clipping effects on sampled OFDM signals. We obtain
very accurate estimates of the power spectral density (PSD)
of the output signals, as well as the corresponding signal-to-
interference ratio (SIR) levels. We also use it to obtain the
performance of optimum receivers for clipped OFDM signals.

II. CLIPPED OFDM SIGNALS

Let us consider an OFDM signal that carries N com-
plex data symbols. These symbols are represented by STx =
[STx

0 STx
1 . . . STx

N−1]
T ∈ C

N , where E[|STx
k |2] = 2σ2

S (we con-
sidered normalized quadrature phase shift keying (QPSK)
constellations with STx

k = ±σS ± jσS). We also consider the
addition of (M − 1)N idle subcarriers at the edges of the
useful band, so that the corresponding time-domain samples
represent a sampled OFDM signal with an oversampling fac-
tor of M . At the inverse discrete Fourier transform (IDFT)
input we have the vector S = [S0S1 . . . SNM−1]

T ∈ C
NM .

At the IDFT output we have the time-domain samples s =
F−1S = [s0s1 . . . sNM−1]

T ∈ C
NM , with F denoting the

NM -point discrete Fourier transform (DFT) matrix. When N
is large, the time-domain samples s = [s0s1 . . . sNM−1]

T ∈
C

NM have Gaussian nature, i.e., sn ∼ CN (0, σ2), where σ2 =
σ2
S/(NM2) denotes the variance of the real and imaginary

parts of each sample. Consequently, the corresponding absolute
values r = |s| = [r0r1 . . . rNM−1]

T ∈ C
NM have a Rayleigh

distribution with variance σ2. The time-domain sample sn =
rn exp(jθn) (where θn is the original phase) is distorted
by a bandpass memoryless leading to yn = f(rn) exp(jθn),
where f(rn) = f(|sn|) = A(rn) exp(jΘ(rn)), with A(rn) de-
noting the amplitude modulation-amplitude modulation (AM-
AM) conversion function and Θ(rn) denoting the amplitude
modulation-phase modulation (AM-PM) conversion function.
Although our approach can be applied to any bandpass memo-
ryless nonlinearity, in this work we focus on an ideal envelope
clipping with normalized clipping level sM/σ (the extension
to other cases is straightforward), that has a zero AM-PM
characteristic. From the Gaussian nature of OFDM signals, the
n-th nonlinearity output sample yn can also be decomposed in
two uncorrelated terms (this is a consequence of Bussgang’s
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