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Abstract. Contemporary science, technology, engineering and mathematics (STEM)
increasingly require advanced knowledge about mathematical physics models and methods of
scientific computation. In STEM educational environments this entails the necessity to
implement pedagogical curricula and methodologies that epistemologically balance the
inclusion of interactive engagement sequences of computational modelling activities, and offer
students opportunities to develop meaningful knowledge of physics, mathematics and scientific
computation, as well as of the specific STEM concepts and processes. Our approach in this
context is based on interactive engagement activities built around computational modelling
experiments implemented in the Modellus environment that span the range of different kinds of
modelling, from exploratory to expressive modelling. In this paper we describe research
concerning a sequence of activities about hydrostatic pressure forces and torques, a theme of an
introductory fluid mechanics course for undergraduate university engineering students having
only elementary knowledge of secondary education physics and mathematics and no
significant prior knowledge about scientific computation. We analyse student’s perceptions
about the activities and the effects generated on the learning process. Using a Likert scale
questionnaire, we show that students reacted positively to the Modellus based activities,
considering them helpful in the learning process of the mathematics and physics of fluid
mechanics and for their overall professional training. The results also show that students
considered Modellus a useful software for computational activities that help the learning of
mathematical physics models, sufficiently easy to learn and user-friendly. Based on the
analysis of student’s work content, we show that students were able to construct and explore
the proposed mathematical physics models and simulations, and establish meaningful and
operationally reified relations with the relevant hydrostatic phenomena. We also show that the
computational modelling activities were effective in resolving several difficulties persisting
after theoretical lectures and problem-solving paper and pen activities.

1. Introduction

Science, technology, engineering and mathematics (STEM) are profoundly interrelated structures of
knowledge. On one hand, science evolves from the progressive development of hypotheses, questions
and models, generators of theories, which have a strong mathematical character as scientific reasoning,
concepts and laws are represented by mathematical reasoning, entities and relations. On the other hand,

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd 1



GIREP-ICPE-EPEC 2017 Conference IOP Publishing
IOP Conlf. Series: Journal of Physics: Conf. Series 1286 (2019) 012047  doi:10.1088/1742-6596/1286/1/012047

scientific explanations and predictions must be consistent with the results of systematic and reliable
experiments, which depend on technological or industrial developments as much as these depend on the
progress of science and mathematics [1-3].

In this context, the development of STEM knowledge results from the interaction of individual and
group actions where modelling involves an epistemological balance between theoretical, experimental
and computational elements. Such modelling processes unfold in cycles, each passing through different
cognitive phases, namely, qualitative contextualization, definition, exploration, interpretation and
validation of the relevant mathematical models, communication of modelling results and the
development of generalizations. Across all cycle phases, computational modelling has been playing an
increasingly important role in enhancing calculation, exploration and visualization capabilities. Being
root subjects for the development of knowledge in other STEM subjects, physics and mathematics are
particular yet fundamental examples in this context. In physics and mathematics, knowledge is based on
rigorous declarative and procedural specifications of abstract concepts and of their interrelations, and in
all epistemological and cognitive phases, it requires operational familiarization and reification, high
theoretical and methodological consistency and a precise relation with the relevant referents, either in
real natural or techno-industrial phenomena or in abstract mathematical worlds [1-3].

This range of epistemological and cognitive features is still not reflected by the majority of current
introductory physics and mathematics courses. For example, in university education the traditional
general physics courses of the first two or three years are organized around expositive theoretical
lectures, and recipe based problem-solving and experimental laboratory classes. In general, these are
courses that cover superficially a large number of physics topics, and limit the application of
computational methods and technologies to the presentation of text, images or simulations, or to a
supporting role in data acquisition and analysis. Usually, today as in the past, these courses are found
difficult and disappointing, and have low exam success rates. The continuing evidence is for the
development of a highly fragmented and inconsistent knowledge of physics and mathematics [4-6] and
for average expectations that decrease over time [7].

However, many research efforts have shown that this situation can be improved if interactive
engagement learning environments approximately recreating the modelling processes of research are
implemented [8-12]. In various settings, student’s learning processes have been shown to be more
meaningful, leading to better knowledge development and structuring, as well as better resolution of
cognitive conflicts with erroneous common sense beliefs or incorrect physical and mathematical
conceptions. It thus remains important to reinforce the work along these research lines and invest on the
implementation of the research results in actual educational practice.

A crucial aspect in this context is the role of computational modelling methods and technologies. It
is well known that in a growing number of STEM areas modelling actions depend on knowledge about
advanced computational mathematical physics models. The corresponding learning processes should
then involve the progressive development of strong backgrounds in physics, mathematics and
programming. As a consequence, at the introductory level, from secondary education to the first two or
three years of university education, physics and mathematics learning environments in STEM education
should epistemologically balance the integration of interactive engagement sequences of computational
modelling activities.

This integration should occur with a stepwise introduction of the necessary elements of scientific
computation, in order to control the extra cognitive load associated with the process of learning
operational programming and software knowledge. Such control is difficult to achieve with
programming languages like Fortran [13], Pascal [14], Java [15] or Python [16], scientific computation
software like Mathematica or Matlab, or even with educational programming languages like Logo [17]
or Boxer [18], since these systems end up requiring that students acquire too much programming and
software knowledge alongside knowledge about physics and mathematics. To reduce the cognitive load
and create more favourable conditions for exploratory and expressive modelling, several computer
modelling systems have been developed, e.g., Coach [19], Easy Java Simulations and Physlet [20],
Modellus [1-3, 21-24] and the PhET simulations [25].
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Our approach in this context has involved the integration of interactive engagement learning
activities built around computational modelling experiments implemented in the Modellus environment
(see, e.g., [1-3, 21-24]). In previous research work we have shown that Modellus is a useful versatile
system which allows the creation of exploratory and expressive computational modelling activities to
teach introductory physics and mathematics, while achieving an effective control of the amount of
programming and software knowledge that must be introduced. Several sequences of activities were
created for Newtonian particle mechanics, electromagnetism and blackbody radiation laws applications.
Most students felt very favourably about the inclusion of the Modellus based activities, which were able
to help them address several cognitive conflicts in the understanding of physics and mathematical
concepts, explore different representations of mathematical models, analyse the interplay between
analytical and numerical approaches and consider more realistic problems at an earlier learning stage.

In this paper we consider the application of our interactive computational modelling approach to an
introductory fluid mechanics course we offered to a group of first year undergraduate university students
enrolled in engineering majors. In this context, we describe research concerning an illustrative sequence
of learning activities about hydrostatic pressure forces and torques.

2. Teaching organization and methodology

We start with a brief description of the main aspects related to the teaching organization and
methodology used for an effective application of our approach. The introductory fluid mechanics course
was the first part of a Fluids and Thermodynamics course we taught to a class of 150 students from
university majors in automation and control engineering, chemical engineering, civil engineering,
electric engineering, environmental engineering, food engineering, mechanical engineering and
production engineering at Univates. These students had only an elementary knowledge of secondary
education physics and mathematics, quite fragmented and based on a small number of memorized
formulas, and no significant prior knowledge about scientific computation, only user knowledge of daily
life informatics.

The course was organized in 3 separate class groups, each with around 50 students. For each of these
classes, the course involved a flexible time sequence of 3 complementary components, namely,
theoretical lectures, paper and pen problem-solving lessons, and computational modelling activities with
Modellus. To create an interactive engagement environment in all components students were organized
in group teams of 3 to 5 students. All class components were taught in rooms with individual student
tables that during group work could be easily moved into more convenient configurations, for example,
forming a circle to facilitate collaborative discussions. For the computational modelling activities
students used their own laptop computers, 1 or 2 per group.

After the definition of the relevant theoretical framework, complemented with a set of worked out
examples, always presented in an atmosphere open for free questioning and discussion, the student
groups were oriented to work on sequences of paper and pen problem-solving activities and
computational modelling activities with Modellus, composed by a selection of problems having clear
contact with easily observed phenomena and increasing difficulty levels. Class resources included PDF
documents with the paper and pen activity problems and a summary of the theory given in the lectures,
the Modellus package examples and the set of PDF documents containing instructions to build the
Modellus mathematical models, animations, graphs and tables required to solve the proposed
computational modelling activities. Both in the paper and pen problem-solving activities and in the
computational modelling activities the student groups were motivated to analyse, discuss and solve the
activity problems on their own, using the suggested course bibliography and the class resources made
available in class or through the Moodle platform. During the exploration of the activities, the teams
were never left working alone but continuously helped to ensure adequate working rhythms with
appropriate conceptual, analytical and computational understanding. Whenever felt necessary, global
class discussions were conducted to keep the pace, to introduce new themes, or to clarify any doubts on
concepts, reasoning or calculations common to several teams.
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The implemented assessment procedures involved continuous group and individual evaluation based
on the regular class activities, the work reports of the paper and pen problem-solving activity
assignments, the work reports of the Modellus computational modelling activity assignments, and the
in class individual written tests. At the end of the course, students free willingly answered an anonymous
Likert scale questionnaire, not counting for the final grade, to evaluate their perceptions about the
integration of Modellus and the associated interactive computational modelling activities.

3. Fluid mechanics with interactive computational modelling: An illustrative learning sequence
The fluid mechanics part of the Fluids and Thermodynamics course introduced students to the standard
elements of fluid statics and dynamics, covering density, pressure forces, pressure variation with depth
and Pascal law, buoyancy and Arquimedes principle, superficial tension, continuity and Bernoulli
equations, Venturi effect and Torricelli law, viscosity and turbulence. Each sequence of learning
activities involved 3 interconnected modelling phases, namely, (1) theoretical framing, (2) paper and
pen problem-solving, and (3) computational modelling problem-solving. An illustrative learning
sequence in this context considered the phenomenological setting of a water dam and the analysis of the
associated hydrostatic pressure forces and torques. The complete learning sequence involved two parts.
The first part introduced the resultant pressure force as a vector and determined its magnitude for a dam
with a vertical rectangular wall. The second part analysed the resultant pressure force torques and
determined the centre of pressure, the application point of the resultant pressure force on the rectangular
wall. This learning sequence was then generalized to consider the extension of the analysis to other
surface geometries and inclinations, for example a submerged circular gate located in the inclined wall
of a water reservoir. In what follows we describe the research referring to the first part of the
implemented hydrostatic force learning sequence.

The theoretical framing was built from a background of basic secondary education particle mechanics
and previously introduced knowledge defining fluid, density, pressure forces and static equilibrium. In
the first stage of theoretical framing, a deduction of the law defining the variation of pressure with depth
was discussed. In many instances, the water in the dam can be considered an incompressible fluid in
static equilibrium, where the pressure increases with depth because at a greater depth it is necessary to
support the weight of a larger amount of matter. For a small cylindrical column of height h that is in
static equilibrium inside an incompressible fluid with density p (for water p = 1.0 x 103 kg/m3), the
pressure P at the bottom of the column is equal to the pressure exerted at the bottom by the fluid column
itself plus the pressure P, exerted at the top of the column, P = P, + pgh, where g = 9.8 m/s? is the
magnitude of the acceleration of gravity. Consequently, for an incompressible fluid in static equilibrium,
the pressure increases linearly with depth and is always the same at the same depth.

The second stage of theoretical framing discussed a deduction of the hydrostatic pressure force
applied on the wall of the dam. The simplified modelling setting of a vertical rectangular wall with
length L that is sustaining a body of water with depth h; was considered. Using graphics to help with
visualization students were then conducted through the following mathematical physics reasoning. Take
the orthogonal reference frame Oxyz, where Oz is perpendicular to the wall and points to the water, Oy
marks the depth y, and Ox marks the length along the wall. Then divide the wall in a large number N of
very small surface strip elements each one with area AA = LAy. This partition defines the Oy sequence
Yo =0,y1,-", ¥y = hy where Ay = y;,4 —y;,j = 0,---, N — 1. The limit of this partition is N - +oo,
Ay — 0. The pressure P(y) on the surface element AA located at depth y is P(y) = pgy, where we
have not explicitly written the pressure variations inside the surface element which are at most
proportional to Ay. Hence, the hydrostatic pressure force applied on this surface element has magnitude
AF = pgyLAy and is perpendicular to the surface element pointing away from the water, AF = —AF1,,
where 1, is the unitary vector of 0z. The resultant pressure force applied on the wall is obtained
summing all the elementary forces applied to all the surface elements, taking at the end the limit N —
+o0, Ay — 0. Since all elementary vectors have the same direction this force is given by F= —Fi,
where
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The limit sums in equation (1) are equivalent Riemann sums defining the integral fohfy dy. They can

be explicitly calculated, leading to the exact analytical result F = Fypaiytical = ngh]% /2.

The paper and pen problem-solving phase was developed in two stages of group work: (1) Discussion
and explanation of the theoretical framework leading to F = nghf/Z, and (2) Application of the
deduced formula to solve the following example problem: The resultant pressure force the water exerts
on the rectangular inner wall of a dam has magnitude 3.0 x 10° kN. If the length of the wall is 50 m
what is the depth of the mass of water the dam is sustaining?

Content analysis of student’s work reports showed that only 28% of the 150 students attained fairly
well both (1) and (2). This was clearly a consequence of student’s lack of understanding of the abstract
and subtle mathematical physics reasoning developed to deduce and calculate the Riemann sums

defining the resultant pressure force F.The computational modelling activities were then designed to
make the Riemann summing process and associated limits more concrete and thus improve
understanding. The integration is then numerical applying the trapezoidal rule to define an iterative
process that implements the Riemann sums depending on an adjustable finite step. In this iterative
numerical solution the next value of F, for instance F(y + Ay), is equal to the last known value of F,
F(y), plus the rate of change of F, Lpgy, times the iteration step Ay: F(y + Ay) = F(y) + LpgyAy.
Given a starting value, e.g. F(0) = 0, it is possible to determine F(y) going through a succession of
step Ay iterations. The numerical value of the Riemann integral in equation (1) is then given by the
accumulated value F (hg). This numerical method linearizes the problem in the interval [y, y + Ay] and
thus produces a solution that approximates the exact analytical solution Fypaiytical = ngh}% /2. Since
the method converges, a smaller iteration step will produce a better approximation, that is, the
approximation error given by e = |F — Fanalytical |/ Fanalytical Will decrease with the iteration step Ay.
However, the smaller the iteration step the larger the number of iterations and, consequently, the
computation time.

The group activities of the computational modelling problem-solving phase started with a discussion
of this numerical theoretical framing. The next step was to build the Modellus numerical models,
understand their functioning in the context of the analytical and numerical theoretical framing, and solve
a set of proposed example problems.

The starting problem was the following: A dam with a rectangular inner wall of length L = 40 m
sustains water up to a depth of 30 m.

a) What is the magnitude of the resultant pressure force exerted on the wall when the water depth

is hy =30 m? Compare the numerical solutions obtained with steps Ay = 1.0 m and Ay =
0.10 m with the analytical solution and discuss the results.
b) What is the magnitude of the resultant pressure force when the water depth is h; = 10 m and
¢) What happens if the length of the inner wall of the dam is L = 50 m?
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Figure 1. Modellus model to determine the magnitude of the resultant pressure force applied on a dam
with a rectangular inner wall of length L which sustains a body of water with depth h¢. For L = 40 m
and hy =30 m, the integration with step Ay = 1.00 m leads to F = 1.82 x 10° kN, Fanalytical =
1.76 x 10° kN, and & = 0.03, and the integration with step Ay = 0.100 m leads to F = 1.770 x
10° kN, Fapaiytical = 1.764 X 10° kN, and &z = 0.003.

To solve this problem the student groups built a Modellus model (figure 1) starting with the
Mathematical Model. The magnitude of the acceleration of gravity g and the water density p are
introduced as fixed parameters in the Mathematical Model and the water depth y is defined as the
Independent Variable to which a range interval, e.g. [0, 30] m, and a numerical step Ay, e.g. Ay = 1.0 m,
are associated. The numerical integration leading to F is then programmed in the Mathematical Model
using F = last(F) + LpgyAy, with F = 0 N as initial condition. The last two lines in the Mathematical
model define Fpaiytical and & as dependent variables. The length of the wall L and the water depth h¢
are independent variables which are defined as free adjustable parameters in the model. For the proposed
problem a total of 6 Cases need to be created. The Animation is then built with 2 Level Indicators, one
for L and another for h¢, 3 Variables to visualize F, Fapaiytical @nd &5, @ Geometric Object to represent

the dam wall, and 4 Vectors to represent F and ﬁanalytical. The adjustment of the Animation
configuration is done with the Animation grid. The Table can also be defined to visualize y, F, Fanalytical

and ez. In the Graph, F(y) can be plotted showing, alongside the growing Vector F, the Table and the
Variable F, the build-up of the Riemann sum as the successive iterative terms add up. Also clearly
visible in the Graph is the fact that the magnitude of the pressure force F increases with the square of
the water depth y. The process of taking the Riemann limits N - 400, Ay — 0 is made explicit and
concrete by running the model for decreasing numerical iterative steps Ay. This also shows that the
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numerical method is convergent since e decreases with Ay. The increase in computation time is also
clearly observable.

A follow up problem was the following: The maximum resultant pressure force a dam with a

rectangular inner wall of length L = 50 m can withstand has magnitude Fy = 5.0 X 10° kN.

a) What is the maximum depth of water the dam can sustain? Compare the numerical solutions
obtained with steps AF = 1.0 x 10° N and AF = 1.0 x 10° N with the analytical solution and
discuss the results.

b) What happens if the length of the inner wall of the dam is L = 60 m? And if Fr = 7.0 X 10° kN?
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Figure 2. Modellus model to determine the maximum depth of water a dam with a rectangular inner
wall of length L can sustain if it is built to support at most a resultant pressure force with magnitude F.

For L = 50 m and Fy = 5.000 X 105 kN, the integration with step AF = 1.000 x 103 kN leads to y =
45.295m, Yanaiytical = 45.175m, and &, = 0.003, and the integration with step AF = 1.000 X
10% kN leads to y = 45.195 m, Yanalytical = 45.175m, and &, = 4.382 x 10~*.

The corresponding Modellus model is depicted in figure 2. The Independent Variable is now the
magnitude of the pressure force F, e.g. with the range interval [0,5.0 X 108] N and the numerical step
AF = 1.0 X 106 N. The depth y is obtained by numerical integration, y = last(y) + AF/(Lpg X
last(y)), using y = 1 m as the initial condition. The free adjustable parameters in this model are the
independent variables L and Fr. The proposed problem then requires the creation of 4 Cases. In the

Animation the Level Indicator for y, the Vector F, or the Graph again allow a clear visualization of the
Riemann summing process and how the water depth increases when the magnitude of the pressure force
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increases. The value of y corresponding to F = 5.0 X 10° kN is the maximum depth of water the dam
can sustain.

After this sequence of activities the content analysis of the student’s work reports showed that 70%
of the 150 students were able to build the proposed mathematical physics models and animations,
understand fairly well their functioning and theoretical framing, and solve the proposed problems.

3 -2 -1 0 1 2 3

| : ; 3 5
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38 : -
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Figure 3. Introductory fluid mechanics student opinion questionnaire and results. For each questionnaire
statement the Likert scale starts at -3 and ends at +3, -3 stating complete disagreement, +3 complete
agreement and 0 no preferred opinion. The bar graph (blue) shows the distribution over the Likert scale
of the average student opinion per questionnaire statement. The bar graph (green) shows the distribution
over the Likert scale of the number of students that answered the questionnaire.

4. Conclusions

Let us first note that the results of the Likert scale questionnaires show that the majority of students felt
very positively about the interactive computational modelling activities with Modellus (figure 3).
Defining the average opinion of a student as the average over all answers given by the student to the
questionnaire statements, the results show that 97.7% of the students gave a positive opinion, averaging
1 (22.3%), 2 (44.6%) or 3 (30.8%), 1.5% averaged no preferred opinion, and 0.8% gave a negative
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opinion. In the Likert scale, the average opinion of all students was 2.0. On the other hand, using the
average opinion of all students relative to each one of the questionnaire’s statements, we find that
students showed clear preference for working in interactive collaborative groups, with adequate
guidance and support. Most students considered the computational modelling activities useful for the
learning process of the concepts and mathematical physics models of physics, in particular of fluid
mechanics, as well as for their overall professional training. They also considered the activities helpful
in clarifying the interplay between the analytical and numerical processes used to solve problems in
physics. Less unanimously, Modellus was considered sufficiently helpful and user friendly, and the PDF
documents interesting and motivating.

On the other hand, content analysis of student’s work reports referring to the learning sequence about
hydrostatic pressure forces shows: (1) After the first two phases, theoretical framing and paper and pen
problem-solving, most students (72%) were unable to understand the Riemann summing process and
associated limits involved in determining the resultant pressure force; (2) The computational modelling
activities contributed successfully to resolve student’s difficulties and strengthen student’s knowledge
about these matters, as more students (70%) were now able to construct and explore the pressure force
mathematical physics models and animations, understand their functioning in the context of the
analytical and numerical theoretical framing, clearly establishing more meaningful and operationally
reified relations with the hydrostatic phenomenon in the concrete setting of a water dam.

These results show that the computational modelling activities with Modellus were very well
received by the students, allowing them to clearly improve the knowledge acquired in the first two
phases of the learning sequence, resolve several identified learning difficulties, and significantly expand
the knowledge horizon about hydrostatic pressure forces. With the computational modelling activities
the fluid mechanics course thus demonstrated enhanced capacity and efficacy to amplify the knowledge
of students in a structured and consistent way. In addition, Modellus has once more proved itself a useful
system to create explorative to expressive computational modelling activities for introductory physics
and mathematics education. Modellus allows a stepwise introduction to scientific computation, with a
fruitful interplay between analytical and numerical methods used to solve problems in physics and
mathematics, as well as an efficient control of the level of programming and specific software overhead
that needs to be introduced. Again, this success is rooted in the capability Modellus has of allowing the
simultaneous manipulation and analysis of several different model representations, namely, tables,
graphs and animations with interactive objects having properties defined in a visible and modifiable
mathematical physics model.

Although the class implementation of the computational modelling activities was successful and the
results obtained positive, in answers to questions during class dialogues students manifested some
caution about the process of learning physics with Modellus and computational methods, mainly
because for them it meant extra work to master computational modelling besides just physics and
mathematics. Students also felt that the content load was heavy for the time available to complete the
sequence of learning activities.

Future work will involve, e.g., (1) Development of new learning sequences, both in classical physics
and in contemporary physics, creating new sets of interactive digital documentation and software
resources, (2) Implementation of field research actions to test and improve the new sequences and
resources, analysing the corresponding learning processes, and (3) Field research actions to compare
Modellus and other computer modelling systems, including programming languages, as computational
modelling instruments to create interactive computational modelling activities.
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