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Abstract—Pre-processing techniques employed at the transmit-
ter side of multiple-input, multiple-output (MIMO) systems, such
as the ones used by MIMO singular value decomposition (SVD)
(MIMO-SVD) techniques, can lead to signals with large envelope
fluctuations and high peak-to-average power ratio (PAPR). For
this reason, we can have amplification difficulties and increased
sensitivity to nonlinear distortion effects. In this work, we
consider MIMO-SVD schemes with strong nonlinear distortion
effects. It is shown that contrarily to what one could expect,
the asymptotic optimum performance of the MIMO system with
strong nonlinear distortion effects can be much better than the
optimum performance with an ideal, linear transmitter. !

Index Terms—MIMO, nonlinear distortion effects, optimum
detection, performance evaluation, SVD.

I. INTRODUCTION

In the last decade, multiple-input, multiple-output (MIMO)
techniques have contributed to improved broadband wireless
communications, since they allow for substantial gains in
terms of realiability and/or spectral efficiency [1].

Several MIMO techniques involve some pre-processing.
Among them, we have the zero-forcing beamforming [2] and
the singular value decomposition (SVD) techniques [3]. With
most pre-processing techniques, and with the SVD technique
in particular, the precoded signals have high envelope fluc-
tuations, even with single-carrier modulations, which leads
to a large peak-to-average (PAPR). Under these conditions,
one might expect amplification difficulties and increased sen-
sitivity to nonlinear distortion effects [4], [S]. To avoid this,
PAPR-reducing techniques can be employed [6]. However,
these techniques can increase the complexity and/or reduce
the spectral efficiency. Moreover, the most efficient PAPR-
reducing techniques usually involve a clipping operation,
which is itself a nonlinear operation. As a consequence,
high-PAPR signals are frequently nonlinearly distorted, which
might lead to significant performance degradation. To mitigate
such degradation, the MIMO-SVD systems can be designed
to have more transmit antennas than parallel data streams [7].
However, this cannot be achieved in many practical systems.
Moreover, it has been shown that nonlinear distortion effects
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do not necessarily lead to performance degradation, and they
can even lead to capacity gains. In [8] it was shown that
there is an optimum back-off level for nonlinearly amplified
multicarrier signals that maximizes the mutual information. In
addition, for the specific case of single-input, single-output
(SISO) orthogonal frequency division multiplexing (OFDM)
schemes, it has been shown that with nonlinear transmis-
sions the optimum performance (i.e., the performance of the
maximum likelihood receiver) can even be better than the
optimum performance obtained with linear transmitters [9]-
[11]. Therefore, one might ask if such phenomena also occurs
with MIMO techniques in general and with MIMO-SVD
techniques in particular.

In this paper, we study the optimum performance of a point-
to-point MIMO-SVD system with strong nonlinear effects,
which can be associated to, e.g., a clipping operation or
a nonlinear power amplifier. Our goal is to investigate the
optimum performance of nonlinear MIMO-SVD systems and
how it compares with the optimum performance of linear
MIMO-SVD systems. However, it is not easy to obtain the
optimum performance, since it involves a maximum-likelihood
detection. Therefore, we evaluate the potential of the opti-
mum performance through an asymptotic analysis and obtain
the corresponding asymptotic optimum performance. More
concretely, we start by presenting the asymptotic optimum
performance in an idealized MIMO-SVD channel where the
singular values have unitary power, showing that there are
large potential gains relatively to the optimum performance
in a linear MIMO-SVD scenario. After that, we analyze a
more realistic case where the power of the singular values
is not constant over the different data streams. The analysis
of the asymptotic optimum performance allows us to assess
the potential of the optimum detection and to conclude that
the optimum performance of nonlinear MIMO-SVD systems
can be better than the optimum performance with linear
transmitters. This is justified by the fact that the nonlinear
distortion has useful information for detection purposes.

Throughout this paper we employ the following notation:
bold letters denote matrices or vectors. Italic letters denote
scalars. (-)7 and tr(-) denote the transpose and the trace
operator, respectively. I, denotes a p x p identity matrix.
diag(x) is a diagonal matrix whose the diagonal is the vector



x. E[-] denotes the expected value. r, = E[xx] and F,
denote the covariance matrix and the energy associated to
vector x, respectively.

II. SYSTEM CHARACTERIZATION

In this paper we consider a point-to-point MIMO-SVD
system with G transmit antennas and R receive antennas. We
employ a single-carrier transmission over a flat-fading MIMO
channel' represented by the R x G channel matrix h. The
channel coefficient between the rth receive antenna and the gth
transmit antenna is modeled by a complex Gaussian distribu-
tion with unitary variance, i.e., W9 ~ CN (0,1). It should be
noted that the assumption of the i.i.d Gaussian entries in the
channel matrix does not compromise our analysis, provided
that the correlation between them is not too high. With the
SVD technique, we can multiplex up to C' = min(G, R)
independent spatial data streams over the MIMO channel

h = uAv?, (1)
where A = diag (A) = diag (AP, X, AND)isa Cx C
diagonal matrix and \(¢) is the singular value associated to the
cth stream. Moreover, u”’ and v denote the decoding and pre-
coding matrices, respectively. The data symbols s,, are selected
from a quadrature phase shift keying (QPSK) constellation (the
extension to other cases is straightforward). The constellation’s
alphabet is denoted as A and its size is M = 4. The set of
transmitted symbols at the nth time instant is represented by
Sy = [5511) 353) sSZC)]T. The autocorrelation matrix of the
data symbols s, is r, = E [s, s | = 20%I¢, where o, is the
amplitude of the QPSK symbols. These symbols are precoded
and transmitted by the G antennas. The precoded symbols
X, = [xSP @ :U%G)]T are obtained as

Xp = VSp. 2)

After the precoding operation, the precoded symbols can have
some correlation. This is particularly true when the number of
transmit antennas is much larger than the number of parallel
data streams. However, in our scenario, where the number of
transmit antennas is equal to the number of receive antennas
and the number of data streams, this correlation is negligible.
Therefore, we will assume that the precoded symbols are
uncorrelated, which means that the average transmit energy is
given by? Ey = tr(E [xx/]) = tr (vryv?) = tr (r,). In the
considered nonlinear transmission scenario, the nonlinearity is
represented by f(-) and modeled as a bandpass nonlinearity
with amplitude modulation/amplitude modulation (AM/AM)
and amplitude modulation/phase modulation (AM/PM) con-
version functions A(-) and ©(+), respectively [12]. Under these
conditions, the nonlinearly distorted signal at the output of the
gth antenna is represented by

y(g) =f (x(y)) —A (‘x(g)D eij(@(|w<g)|)+arg(m(g>)) 3

'We assume perfect channel state information (CSI) at the transmitter and
receiver.

2In the following, and for the sake of notation simplicity, we will omit the
time dependence in our analysis (i.e., the subscript n).

For the sake of simplicity, we consider an ideal envelope
clipping (the generalization to other nonlinear characteristics
is straightforward). Therefore, we do not have phase distortion
(i.e., ©(-) = 0) and the AM-AM function is defined as

B |z@)|, (29| < sy
A@)) = { L @)
where s); denotes the clipping level. The normalized clipping
level is denoted as sy /0, (02 denotes the average power of
the real and imaginary parts of the precoded symbols). The
quantity s%, /02 can be regarded as the input back-off (IBO),
i.e., the ratio of the maximum output power to the input power
(although the use of the IBO is more common with power
amplifiers, we can use it with any nonlinear characteristic).
It should be noted that due to the precoding, a given data
symbol affects the signals for all antennas. Therefore, the
nonlinear distortion term of each antenna will affect symbols
in all data streams. It should also be noted that the power
amplifiers are assumed to be equal in all transmit branches,
which means that the average output power is the same in all
transmit branches. In matrix notation, the nonlinearly distorted
signal is denoted as y = f(x). Although the data symbols that
compose s, do not have a Gaussian nature, for large values
of C, the precoded symbols are well approximated by a zero-
mean, complex Gaussian distribution, i.e., 2@ ~ CN (0,202).
This means that the real and imaginary parts of z(9) will
be ~ N(0,02), and the absolute value of 2(9) by r (which
will have a Rayleigh distribution, naturally). The Gaussian
approximation for the precoded signals is justified by the
central limit theorem (CLT) [13] since, in the considered
MIMO systems, the precoding matrix v has large dimensions
and the transmitted data symbols s(®) are uncorrelated. By
taking advantage of this Gaussian approximation, we can
employ the Bussgang’s theorem [13], which allows us to
decompose a nonlinearly distorted signal as the sum of two
uncorrelated components, i.e.,

y=/f(x)=ax+d. )
For the nth time instant, at a particular transmit antenna, we
have y@ = f(2(9) = az@ + d9. Since the precoded
data symbols z(9) are uncorrelated between the different
transmit branches, the nonlinear distortion terms d(9) are also
uncorrelated between the different transmit branches. This
means that the covariance matrix of the nonlinear distortion
terms is rqy = E [dd#] = 2021, where 02 = E[|d9)|?]/2 is
the average power of the distortion term. Thus, the average
energy of d is Eq = tr(ry) = 2Go?2. Therefore, the
average energy associated to the block y can be computed
as By = |a]?Ex + Fq = 2G|al*02 + 2Go?2. Under these
conditions, the average transmitted bit energy is given by
E, = QE% = \a|2%ag + goﬁ. It should be noted that the
power of the nonlinear distortion term can actually decrease
when we decrease the clipping level. However, the total power
of the nonlinearly distorted signal and the power of the useful
term also decreases with the clipping level. The severity of a
given nonlinear characteristic is defined by the ratio between
useful and nonlinear distortion powers, which decreases with



the clipping level for the ideal envelope clipping characteristic
(naturally, this is not necessarily true for all nonlinear char-
acteristics). Therefore, we can say that the lower the clipping
level, the more severe the nonlinear distortion effects.

The received signal z = [z5” 202 ... 2(®T is given by
z = hy + v, where v = [ufll) 1/7?) u,(f”]T denotes the
set of additive white Gaussian noise (AWGN) samples, with
v ~ CN(0,202) and 02 = N,/2 denoting the two-sided
noise power spectral density (PSD). The decoded signal is
obtained by completing the SVD decomposition, as follows:

Hy — uluAvfy + uflv (6)
— AH H,, _ H H
=Aviy+u'v=aAs+ Avid+uv.

D

r=u

III. OPTIMUM DETECTION

As is widely known, the optimum performance can be
obtained with a receiver that implements the maximum a
posterior (MAP) criterion, which can be formulated as §,, =

argmax p(s,|r,). By considering equal a priori probabilities,
s, EAC
the MAP criterion reduces to the maximum likelihood (ML)

criterion, which is given by §,, = argmax p(r,|s,). If the
s, EAC
transmitted sequences are equiprobable, the optimum receiver

that minimizes the error rate is based on the minimum squared
Euclidean distance (SED) criterion [11], i.e.,

§ = argmin Hr—uth(vs)H2. (7
s€AC

Clearly, the optimum detector needs to perform a large set
of calculations, since there are MC possible transmitted
sequences s (4¢ for the case of QPSK constellations). In
fact, the nonlinear function can be regarded as a shaping
effect on the multidimensional equivalent constellation (for
the case where we have C' QPSK streams, we are working
with an equivalent constellation with 4 points over a size-
2C' space), and we are studying its optimum performance.
Due to the high complexity of this scenario, it is not easy
to obtain the optimum performance. Indeed, insights on the
optimum performance are usually obtained by considering
some approximations such as the so-called union bound, which
constitutes an upper (pessimistic) bound on the BER. This
upper bound is based on pairwise error probability (PEP)
between two sequences, i.e., the probability associated to
the error event of detecting s’ given that s was transmitted.
We define the PEP between two sequences as P (s — s'|s).
Here, it should be noted that the only noise term in the PEP
calculation is the channel noise, since the nonlinear distortion
is an intrinsic part of the transmitted signal. Under these
conditions, the so-called union bound can be formulated as

Pbgz:P(s)ZP(s—%sﬂs), (3)
1

all s

. . ! .
where [ is the number of bit errors and P (s — s’|s ) is the

probability that the detected sequence differ in [ bits from
the transmitted sequence. In ideal AWGN channels, the PEP

between two sequences is

Ly o DQ(S,S/)
P(s—>s\s)—Q TNy, | )
where
D(s,8") = ||A(a(s —s') + (D — D")||* (10)

:§2P®WF<§Q7;@>+<D@L7D%0Ha

is the SED between s and s’, which is intimately related
with the power of the different singular values, i.e., )\(C)|2.
Another common approximation is to consider that the PEP is
dominated by single bit errors, which constitutes an optimistic
approximation. This approximation is valid in the asymptotic
region, i.e., when the SNR is large. In that case, we have

azZP@H@iﬂg. (11)
all s

Since for QPSK constellations there is a total of 2C' sequences
s’ in those conditions, the computation of the approximate
BER of (11) might still involve a heavy computational com-
plexity. To overcome this, we can calculate an histogram of the
SED and obtain an approximation of the BER by considering
only a reduced set of Ngoq << M ¢ sequences (and its 1
bit variations). With such histogram, we can write the another
BER approximation based on a weighted sum of the different
SED values, i.e.,

fabs (Dg) D2
P, ~ —L 12
k 2NseqC 2N |’ (12)

where faps (’Df) represents a counter with the number of times
that the ith SED value D? was observed in the SED histogram.
As our study regarding the optimum performance is based
on the PEP for sequences that differ in a single bit, and
this approximation is valid in the asymptotic region (i.e., for
large values of SNR), we will refer to this approximation
of the optimum performance as the "asymptotic optimum
performance" in the remaining of the paper.

IV. ASYMPTOTIC OPTIMUM PERFORMANCE

In the following, we present a set of performance results
regarding the asymptotic optimum performance of the MIMO-
SVD system introduced in Section II. Unless stated otherwise,
we consider C' = 128 data streams, G = 128 transmit antennas
and R = 128 receive antennas (similar results were observed
for other values of R, G and C, provided that they are much
larger than 1). The nonlinear characteristic is assumed to be

known at the receiver”.

A. Equal Power Singular Values

Let us start by considering an idealized random channel
where the singular values of all streams have unitary power,

3This can be justified by the fact that the envelope clipping is a nonlinear
characteristic that solely depends on one parameter - the normalized clipping
level. Therefore, it is not difficult to share this knowledge between the
transmitter and the receiver.



ie., |)\(C)]2 = 1. It should be noted that if we had a linear
transmission, « = 1 and there would be no distortion. As
a result, the minimum squared Euclidean distance would be
D?(s,s') = 4E, and the asymptotic BER would be P, =
o,
AWGN channels. Let us now consider a nonlinear transmis-
sion. Compared to the BER with linear transmissions defined
above, there will be a performance gain if the normalized
SED D?/4E}, increases in the presence of nonlinear distortion
effects (i.e., if D* > 4Ej). Since we are concerned with
sequences that differ in only 1 bit, i.e., with the error events
that dominate the asymptotic behavior of the BER curve,
we defined an asymptotic gain associated to the optimum
detection as

), which is the conventional BER associated to ideal

D2
= TE‘b'
Fig. 1 shows the PDF of the asymptotic gain considering
different values of sy /0, and different values of C. From
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Fig. 1. PDF of the asymptotic gain G considering different values of C.

the figure, it can be observed that the asymptotic gain G tends
to be higher than one, especially when sps/o, decreases.
Note that this does not mean that the SED increases when
the normalized clipping level decreases. Actually, for the
envelope clipping characteristics considered in this work, the
SED (given by D?) decreases with sy /o.. However, the
asymptotic optimum performance is driven by the pairwise
error probability between sequences, which is a function of the
normalized SED (given by D?/4E},). What can be observed is
that when we normalize the SED by the average energy of the
transmitted signals (which is proportional to the power of the
signals at the nonlinearities’ output), we have a gain* relatively
the linear case, i.e. G > 1. Therefore, one could expect that
the optimum performance of nonlinear MIMO-SVD systems
can be better than the optimum performance of linear MIMO-
SVD systems. Moreover, the gains tend to increase when the

4Note that a fair comparison between the linear and nonlinear transmissions
should be made in terms of the same output (transmitted) power.

normalized clipping level s, /o, decreases. In addition, as C
increases, the variance of the asymptotic gain tends to reduce,
which means that for very large values of C, the asymptotic
performance of the optimum detector can be approximated by

Py~ Q ( E[Q]QNEJ’> 7

where E[G] is the average asymptotic gain. Note that the
asymptotic optimum performance represented in (14) is
asymptotic in two senses, i.e., it is valid: (i) for large SNR
values (see sec. III); and (ii) for large values of C'. In [10] it is
presented a formula for obtaining the average asymptotic gain
for nonlinear OFDM transmissions in ideal AWGN channels.
By following an approach similar to the one of [10] for our
nonlinear MIMO-SVD scenario, it can be shown that the
theoretical average asymptotic gain can be calculated as
+o0 2

(4700 + 262 )otorar
E[g] = -

(14)

oo ) (15)
[ A%(r)p(r)dr
0

where p(r) denotes the PDF of the random variable that mod-
els the absolute values of the precoded symbols and A’(r) is
the derivative of the AM-AM characteristic defined in (4). Fig.
2 presents the theoretical and simulated average asymptotic
gain of our idealized MIMO-SVD system considering different
IBO values and C' = 128. From the figure, it can be seen that
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Fig. 2. Evolution of the average asymptotic gain with the IBO.

(15) constitutes a very tight approximation for obtaining the
average asymptotic gain for nonlinear MIMO-SVD systems.
As expected, the average asymptotic gain tends to 0 dB as
Sy /o, increases.

B. Conventional MIMO-SVD

Common MIMO channels have singular values with differ-
ent powers. Therefore, the distribution power of the singular
values differ among the streams, which means that each stream
will have a different BER, associated to the corresponding



singular value. Since the theoretical analysis of this scenario
is not simple, we employed a semi-analytical approach where
we start by obtaining the distribution of the normalized SED
given by v = D?/4E}, over the different channel realizations.
This can be regarded as an "equivalent fading factor”, since
its distribution will give an insight on the asymptotic optimum
performance, i.e.,

sz/Q \/27% p(y)dy.

Fig. 3 shows the distribution of the equivalent fading factor
considering C' = 128 and different values of sps /0.

(16)
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Fig. 3. PDF of the equivalent fading factor considering flat-fading channels.

As can be seen in the figure, the distribution of the "equiv-
alent fading factor" assumes higher values in the presence
of stronger nonlinear distortion effects. Fig. 4 shows the
asymptotic optimum performance (obtained with (16)) con-
sidering different values of sps/o,.. From the figure, it can be

10° T
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—x*— Nonlinear (sy/o, = 1.0)
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Fig. 4. Asymptotic optimum performance.

observed that as the normalized clipping level increases, the

magnitude of the nonlinear distortion effects decreases and the
asymptotic optimum performance approaches the average BER
of a MIMO-SVD system with linear transmitters. However, in
the presence of strong nonlinear distortion effects, one can
observe large potential gains, which means that the optimum
performance can be much better than the performance with
linear transmissions. This can be explained by the fact that the
nonlinear effects give rise to a kind of diversity effect, since
the precoding combined with the nonlinear operation makes a
given symbol being affected by all data streams, which reduces
the likelihood that this symbol being affected by a low power
singular value.

V. CONCLUSIONS

In this paper we studied the potential optimum performance
of nonlinear MIMO-SVD systems. Contrarily to what one
could expect, it is shown that when the number of data streams
is large, the optimum performance of nonlinear MIMO-SVD
systems can be better than the optimum performance of linear
MIMO-SVD systems. This can be explained by the fact that
the nonlinear distortion term has some information on the
transmitted signals that can be used for detection purposes,
provided that an optimum detection is employed.
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